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The thermoelastic displacement boundary value problem for a rigid inclusion interacting with a line crack in an inﬁnite
plane subjected to a uniform heat ﬂux is studied, in which the rigid body rotation of the inclusion is considered. To solve
the prescribed problem, we use the principle of superposition to decompose it into two groups of problems, which are
further reduced to several basic subproblems including Green’s functions of edge dislocation and heat source couple, as
well as the problem of a plane containing the inclusion under uniform heat ﬂux and the problem of the inclusion subjected
to a small rotation. The problems are solved using the complex variable method along with the rational mapping function
technique. The variations of the stress intensity factors at the crack tips and the rigid body rotation angles with various
crack lengths and heat ﬂux angles are shown. The eﬀects of the inclusion shape and size are also investigated.
 2006 Elsevier Ltd. All rights reserved.
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Many problems in engineering applications in general, and composites and damage mechanics in particular,
deal with the interaction of inclusions with cracks. Thermal stress problem and induced failure is also a crucial
problem in diverse branches from microelectronics to aerospace ﬁeld. The two points make the relevant
problems attract much research attention for several decades.
In the sixties of the last century, Dundurs and Mura (1964) and Dundurs and Sendeckyj (1965) derived the
analytical solutions for the interaction between an edge dislocation and a circular inclusion. Later, the inter-
action between dislocations and elliptical inclusions in isotropic and anisotropic elastic materials was
discussed by Santare and Keer (1986), Hwu and Yen (1993) and Yen and Hwu (1994). Using the solution
of dislocation, the interaction of inclusions with cracks can be treated conveniently using integral equations.0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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(1975) and Patton and Santare (1990). The eﬀect of a rigid elliptical inclusion on a straight crack was discussed
by Patton and Santare (1990). The problems of interactions between multi-holes, various types of cracks and
elliptical inclusions were studied by Hwu and Liao (1994) and Hwu et al. (1995) by using a special boundary
element method which combined fundamental solutions and subregion technique. A closed form solution for a
plane elastic medium with a crack and a circular misﬁtting inclusion was obtained by combining the disloca-
tion model of crack with Eshelby’s point force method by Wang and Hasebe (1996). The interaction of two or
multiple circular and ellipsoidal inhomogeneities in elastostatics were considered by Moschovidis and Mura
(1975), Rodin and Hwang (1991) and Gong and Meguid (1993). Also, Hasebe et al. (2003a,b) considered
the interaction between a crack and a hole under, respectively, stress and displacement boundaries subjected
to a uniform remote loading using the Green’s function method.
The aforementioned studies are concentrated on the interaction problems of crack with inclusions under
isothermal conditions without considering the thermal eﬀect. A number of papers considered the interaction
under thermal condition. Kattis and Patia (1994) gave an explicit solution for the thermal stress problem for a
partly debonded rigid circular-arc ﬁber inclusion in an inﬁnite matrix in the form of the complex potentials.
They showed that the stress ﬁeld at the crack tip exhibited two singularities of orders 0.75 and 0.25 and the
logarithmic oscillation of the interface crack. Chao and Lee (1996) considered the interaction between a crack
and a circular inclusion under remote uniform heat ﬂow by using the complex variable theory and the existing
solutions for dislocation functions. The solution for the line crack was formulated by a system of singular inte-
gral equations with logarithmic singular kernels. Qin (1999, 2000) derived the thermoelectroelastic Green’s
function for thermal load and investigated the interaction problems between a crack and elliptic inclusion
by combining the method of Stroh’s formalism, the techniques of conformal mapping and perturbation,
and the method of analytical continuation. The thermal loading could be point heat source, temperature dis-
continuity, or uniform remote heat ﬂow. Sekine (1977) studied the inﬂuence of an insulated circular hole on
the thermal stress singularities at tips of a line crack. Pham et al. (2005) studied the interaction problem
between a cracked hole and a line crack using Green’s function, mapping function and complex variable
method. However, to the authors’ knowledge, the thermoelastic problem of an inclusion of arbitrary shape
interacting with a crack has not been considered in the literature.
The aim of this paper is to study the interaction of a comparatively arbitrary rigid inclusion with a line
crack under a primarily uniform heat ﬂux, in which the rigid body rotation of the inclusion is allowed. To
solve this thermoelastic interaction problem, we split it into two problems: (AI) The thermoelastic interaction
between a crack and an inclusion of which the rigid body rotation is restrained. (AII) The mechanical inter-
action between a crack and an inclusion of which a rigid body rotation is applied. It should be seen that, even
the two problems cannot be solved directly. They must be further decomposed to several basic problems which
include thermal and thermoelastic Green’s functions. The solution is then obtained by the superposition and
the integral equations. The inﬂuences of crack length and the heat ﬂux direction on the stress intensity factors
at the crack tips and rigid body rotation angle, as well as the eﬀect of the inclusion shape and size are
investigated.
2. Statement of the problem and superposition
This paper studies the problem of a rigid inclusion which can be rotated freely in an inﬁnite plane interact-
ing with a crack under uniform heat ﬂux, as shown in Fig. 1(Problem AIII). The inclusion and the line crack
are assumed adiabatic and the faces of the crack are assumed traction free without loss of generality. To solve
this problem, ﬁrst, we decompose it into two subsidiary problems AI (Fig. 1(f)) and AII (Fig. 1(g)). Problem AI
deals with the inclusion without rotation, whereas AII deals with the inclusion with a small rotation. The ori-
ginal problem, deﬁned by AIII, can be obtained by the superposition of the two problems in such a way that
the resultant moment on the rigid inclusion is zero.
Problem AI can be decomposed to the following three subproblems, as shown in Fig. 1(a)–(c):
Problem BI: An inﬁnite plane with a ﬁxed rigid inclusion subjects to a primarily uniform heat ﬂux (Fig. 1(a),
Hasebe et al., 1989).
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2428 N. Hasebe et al. / International Journal of Solids and Structures 44 (2007) 2426–2441Problem CI: A distribution of heat source couples is assumed along the crack position in an inﬁnite plane
with a ﬁxed rigid inclusion (Fig. 1(b), Hasebe and Wang, 2005; Yoshikawa and Hasebe, 1999b).
Problem DI: A distribution of edge dislocations is assumed along the crack position in an inﬁnite plane with
a ﬁxed rigid inclusion (Fig. 1(c), Hasebe et al., 2003a,b).To obtain the solution of problem CI, we use the Green’s function of problem EI (Fig. 1(p)), in which a heat
source couple is applied at some point on the crack position in an inﬁnite plane with an unmovable inclusion.
In the same way, the Green’s function of edge dislocation (FI) (Fig. 1(q)) is used to obtain the solution of problem
DI. Thus, the solutions of problems CI and DI can be obtained by the integral equations. The two unknown
functions: the density function of heat source couple for problem CI and the density function of edge dislo-
cation for problem DI, are determined from the adiabatic and traction-free conditions, respectively, along
N. Hasebe et al. / International Journal of Solids and Structures 44 (2007) 2426–2441 2429the crack position. By superposition of the solutions of problems BI, CI and DI, we can ascertain problem AI’s
solution.
Problem AII can be converted to two subproblems, as shown in Fig. 1(d) and (e):
Problem BII: A small rotation is applied to the rigid inclusion embedded in an inﬁnite plane (Fig. 1(d),
Yoshikawa and Hasebe, 1999b).
Problem CII: A distribution of edge dislocations is assumed along the crack line in an inﬁnite plane with a
ﬁxed rigid inclusion (Fig. 1(e), Hasebe et al., 2003a,b).
We can see that problem CII has the same form as problem DI. It should be noted that the two problems
can be solved using the same Green’s function of edge dislocation (FI) (Fig. 1(q)), but their distribution den-
sities need not be equal. The density function in problem CII is determined from the traction free condition on
the crack position for problem AII, i.e., to cancel the tractions on the crack line induced by problem BII.
3. Rational mapping function and basic formulae
In this paper, we consider a square inclusion in an inﬁnite plane (Fig. 2) to represent the rational mapping
function technique that can generally deals with arbitrary shapes. The rational mapping function with the fol-
lowing general form (Hasebe and Inohara, 1980; Hasebe and Ueda, 1980; Hasebe and Chen, 1996; Yoshikawa
and Hasebe, 1999a; Hasebe et al., 2003b):z ¼ xðfÞ ¼ E0fþ
Xn
k¼1
Ek
fk  f
þ E1 ð1Þmaps the exterior of the square region in the z-plane onto the exterior of the unit circle in the f-plane as shown
in Fig. 2. Here E1, E0, Ek, fk (k = 1,2,3, . . . ,n) are complex constants and jfkj < 1. The value of E1, pertain-
ing to the position of the coordinate axes, should be taken as zero when the center of the inclusion is located at
the origin of the coordinate system. In the computation, we chose n = 36 for the square hole (Yoshikawa and
Hasebe, 1999a). It can be seen from Eq. (1) that, taking E05 0 and Ek = 0 (k = 1,2,3, . . . ,n), the mapping
function is reduced to the one for a circular hole. Likewise, when E0 = (a + b)/2 and E1 = (b  a)/2, f1 = 0
and Ek = 0 (k = 2,3, . . . ,n) are taken, the mapping function is for an elliptical hole with semi-axes on the x
and y-axes being a and b, respectively.
Since the temperature function hðf;fÞ for a two-dimensional steady-state problem satisﬁes the Laplace
equation, it can be expressed as the real part of an analytic complex function W(f). The temperature and heat
ﬂux can then be expressed by W(f), as stated in Hasebe et al. (1986, 1988) and Han and Hasebe (2001). The
adiabatic condition for the heat ﬂux along the boundary is expressed:WðrÞ WðrÞ ¼ const ð2Þ
In the two-dimensional elastic problem, the stress components, the stress and displacement boundary
conditions can be expressed in terms of two complex stress functions /(f) and w(f) (Muskhelishvili, 1963;
Hasebe et al., 1989; Han and Hasebe, 2001).x
y
[z-plane]
ξ
η
[ζ
a
b
cA
D
C
B
d
-plane]
Fig. 2. Rational mapping function for a square to a unit circle.
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Problem AI, as speciﬁed in Fig. 1, indicates the thermoelastic interaction between a crack and a rigid inclu-
sion of which the rigid body rotation is restrained under a primarily uniform heat ﬂux. Its solution is the
superposition of that for problems BI, CI and DI (Fig. 1(a)–(c)), which will be considered in the follows.
4.1. Problem BI
A ﬁxed rigid inclusion embedded in an inﬁnite plane subjected to a primarily uniform heat ﬂux is considered
in problem BI. The inclusion is assumed adiabatic. For the heat conduction problem, the temperature function
WBIðfÞ is (Hasebe et al., 1986, 1989):WBIðfÞ ¼ 
q
k
eidE0fþ eid E0f
 
ð3Þin which q is the intensity of the uniform heat ﬂux; d is the angle between the direction of the heat ﬂux and the
x-axis.
The stress functions /BIðfÞ and wBIðfÞ for the thermoelastic problem have been obtained by Hasebe et al.
(1989). Since the boundary displacement of the inclusion is restrained to zero, a resultant moment about the
origin may be generated (Muskhelishvili, 1963):MBI ¼ ReðjI1 þ I2 þ 2Ga0I3Þ ð4Þ
whereI1 ¼
I
xðrÞ/0BI
1
r
 
dr
r2
; I2 ¼ 
I
x
1
r
 
/0BIðrÞdr; I3 ¼
I
xðrÞx0 1
r
 
WBI
1
r
 
dr
r2
ð5Þ4.2. Problem CI
In problem CI, a distribution of heat source couples is assumed along the crack line in an inﬁnite plane
with an adiabatic rigid inclusion (Fig. 1(b)). Problem CI can be reduced to problem EI, in which a heat
source couple is located at some point on the crack position in an inﬁnite plane with a ﬁxed inclusion.
The solution of problem CI can be obtained in an integral form by using the Green’s function of a heat
source couple (EI).
4.2.1. Temperature ﬁeld
Consider the heat conduction problem. Based on the solution for one point heat source given by Yoshik-
awa and Hasebe (1999b), the temperature function for a heat source couple located at fa in the f-plane can be
obtained in a limiting sense for a pair inﬁnitely approaching opposite point heat sources asT ðf; faÞ ¼
C
2pk
eib
x0ðfaÞðf faÞ
 e
ibf02a
x0ðfaÞðf f0aÞ
" #
ð6Þwhere k is thermal conductivity of the material, b is the angle between the direction of the heat source couple
and the x-axis, C denotes the magnitude of the heat source couple, and fa = x
1(za), f
0
a  1=fa, in which za is
the location of the heat source couple in the z-plane.
After deﬁning the density of a heat source couple c(t)dt = dC(t), we can obtain the temperature function for
problem CI by integration along the crack line AB:WCIðfÞ ¼
Z f
f
cðtÞT ðf; tÞdt ð7Þwhere f is the half length of the crack.
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Similarly, the stress functions /EIðfÞ and wEIðfÞ for a heat source couple located at fa in an inﬁnite plane
with a ﬁxed inclusion are obtained from the results for a point heat source (Yoshikawa and Hasebe, 1999b;
Hasebe and Wang, 2005). The resultant moment on the inclusion induced by the heat source couple can be
obtained by Eq. (4):MEI ¼ ReðjI1 þ I2 þ 2Ga0I3Þ ð8Þ
where I1, I2 and I3 are evaluated as follows:I1 ¼
I
xðrÞ/0EI
1
r
 
dr
r2
ð9Þ
I2 ¼ I1 ¼ 
I
x
1
r
 
/0EIðrÞdr ð10Þ
I3 ¼
I
xðrÞx0 1
r
 
WEI
1
r
 
dr
r2
ð11ÞAs previously stated, by means of the principle of the superposition, after problem EI is solved, the solution
of problem CI is obtained by integrating the Green’s functions /EIðfÞ and wEIðfÞ along the line AB. The trac-
tions normal ðNCIÞ and tangential ðT CIÞ to the crack line AB areNCIðsÞ þ iT CIðsÞ ¼
Z f
f
fcðtÞ½NEIðt; sÞ þ iT EIðt; sÞgdt ð12Þwhere NEIðt; sÞ and T EIðt; sÞ are the traction components at point s, respectively, normal and tangential to the
crack line caused by the unit heat source couple located at point t. The resultant moment on the inclusion for
problem CI isMCI ¼
Z f
f
cðtÞMEIðtÞdt ð13Þwhere MEIðtÞ is the resultant moment caused by the unit heat source couple located at point t.
4.3. Problem DI
In problem DI, a distribution of edge dislocations is assumed along the crack line in an inﬁnite plane with a
rigid inclusion (Fig. 1(c)). Problem DI can be reduced to problem FI, in which a point dislocation is located at
some point on the crack line in an inﬁnite plane with a ﬁxed inclusion. The solution of problem DI can be
obtained in an integral form by using the Green’s function of a point dislocation. It should be noted that this
problem is a merely mechanical problem without any thermal eﬀect. The stress functions /FIðfÞ and wDIðfÞ for
a point dislocation are stated in Hasebe et al. (2003a). The resultant moment on the inclusion induced by the
point dislocation can be obtained by Eq. (4) asMFI ¼ ReðjI1 þ I2Þ ð14Þ
where I1 and I2 are evaluated as follows:I1 ¼
I
xðrÞ/0FI
1
r
 
dr
r2
ð15Þ
I2 ¼ I1 ¼ 
I
x
1
r
 
/0FIðrÞdr ð16ÞThe tractions normal ðNDIÞ and tangential ðTDIÞ to the crack line AB for problem DI are obtained (Hasebe
and Chen, 1996)NDIðsÞ þ iTDIðsÞ ¼
Z f
f
fhnðtÞ½Nnðt; sÞ þ iT nðt; sÞ þ hsðtÞ½N sðt; sÞ þ iT sðt; sÞgdt ð17Þ
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tively; t represents an arbitrary point on the crack. Nj(t, s) and Tj(t, s) signify the traction at point s in the direc-
tions, respectively, normal and tangential to the crack surface induced by the unit dislocation at point t in the j
direction, where subscript j = n, s represent the components in the normal and tangential directions, respec-
tively. The resultant moment on the inclusion for problem DI isMDI ¼
Z f
f
½hnðtÞMFInðtÞ þ hsðtÞMFItðtÞdt ð18Þwhere MFInðtÞ and MFItðtÞ denote the moments induced by the point dislocation in the normal and tangential
directions, respectively.
4.4. Integration of problem AI
Problem AI is the superposition of problems BI, CI and DI, as shown in Fig. 1(a)–(c), which have been con-
sidered in Sections 4.1–4.3.
4.4.1. Temperature ﬁeld
Note that problem DI has no eﬀect on the temperature ﬁeld. The temperature function for problem AI isWAIðfÞ ¼ WBIðfÞ þWCIðfÞ ¼ WBIðfÞ þ
Z f
f
cðtÞT ðf; tÞdt ð19ÞFrom the adiabatic condition along the crack faces, the following singular integral equation for c(t) is derived:Im
Z f
f
cðtÞT ðs; tÞdt 
Z f
f
cðtÞT ðs0; tÞdt
 
¼ Im½WBIðsÞ WBIðs0Þ; jsj 6 f ð20Þwhere s0 is an arbitrary standard point on the crack face AB. Function c(t) can be further reduced to the fol-
lowing form for a crack problem:cðtÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f 2  t2
p
GðtÞ ð21Þwhere G(t) denotes an unknown function. By the transformation of integral variable t = fcosh and the stan-
dard integral method, the unknown function G(t) can be obtained numerically (Erdogan and Gupta, 1972).
4.4.2. Thermoelastic stress ﬁeld
From the traction-free condition on the crack surfaces, the singular integral equation for the determination
of dislocation density hj(t) (j = n,s) is (see Eqs. (12) and (17)):Z f
f
fhnðtÞ½Nnðt; sÞ þ iT nðt; sÞ þ hsðtÞ½N sðt; sÞ þ iT sðt; sÞgdt
¼ ½NBIðsÞ þ NCIðsÞ þ iðT BIðsÞ þ T CIðsÞÞ; jsj 6 f ð22Þ
where ½NBIðsÞ þ iT BIðsÞ on the crack line AB can be calculated using the stress functions of problems BI.
½NCIðsÞ þ iT CIðsÞ is expressed by Eq. (12).
From the condition of single-valuedness of displacement around the line crack, hj(t) (j = n,s) must satisfy
the following condition (Chen and Hasebe, 1992):Z f
f
½hnðtÞ þ ihsðtÞdt ¼ 0 ð23ÞFurther, for a crack problem, the functions hn(t) and hs(t) are expressed ashjðtÞ ¼ HjðtÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f 2  t2
p ; j ¼ n; s ð24Þ
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transformation of integral variable t = fcosh, the above integral equations (22) and (23) becomeZ p
0
fHnðtÞ½Nnðt; sÞ þ iT nðt; sÞ þ H sðtÞ½N sðt; sÞ þ iT sðt; sÞgdh
¼ ½NBIðsÞ þ NCIðsÞ þ iðT BIðsÞ þ T CIðsÞÞ ð25ÞZ p
0
½HnðtÞ þ iH sðtÞdh ¼ 0 ð26Þwhich can be solved numerically using the Gauss–Chebyshev integration formula (Erdogan and Gupta, 1972;
Chen and Hasebe, 1992).
The resultant moment on the inclusion for problem AI should be the sum of that for the three problems asMAI ¼ MBI þMCI þMDI ð27Þ
where MBI , MCI , and MDI are obtained from Eqs. (4), (8) and (18), respectively.
5. Solution of problem AII
Problem AII is speciﬁed in Fig. 1(g), in which a small rotation is applied to a rigid inclusion which interacts
with a line crack in an inﬁnite plane. Problem AII is converted to two subproblems BII and CII as shown in
Fig. 1(d) and (e).
5.1. Problem BII
Problem BII is depicted in Fig. 1(d), in which a small counter-clock wise rotation eBII is applied to a rigid
inclusion in an inﬁnite plane. The stress functions /BIIðfÞ and wBIIðfÞ are expressed in Yoshikawa and Hasebe
(1999b). The resultant moment about the origin is obtained by Eq. (4) asMBII ¼ Re½jI1 þ I1 þ 2GeBII i I3 ð28Þ
whereI1 ¼
I
xðrÞ/0BII
1
r
 
dr
r2
ð29Þ
I2 ¼ 
I
x
1
r
 
/0BIIðrÞdr ¼ I1 ð30Þ
I3 ¼
I
xðrÞx0 1
r
 
dr
r2
ð31Þ5.2. Problem CII
Problem CII is depicted in Fig. 1(e). As stated previously, its solution has the same form as problem DI but
with a diﬀerent distribution density which should be determined from the traction free condition on the crack
faces for problem AII. The expressions are omitted here for brevity.
5.3. Integration of problem AII
ProblemAII is the superposition of problems BII andCII, as shown in Fig. 1(d), (e) and (g). Similar to problem
AI, from the traction-free condition on the line crack surfaces and the single-valuedness condition of displace-
ment, the singular integral equations for the determination of dislocation density hIIj(t) (j = n,s) are obtained asZ f
f
fhIInðtÞ½Nnðt; sÞ þ iT nðt; sÞ þ hIIsðtÞ½N sðt; sÞ þ iT sðt; sÞgdt
¼ ½NBIIðsÞ þ iT BIIðsÞ; jsj 6 f ð32Þ
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½hIInðtÞ þ ihIIsðtÞdt ¼ 0 ð33Þwhere tractions ½NBIIðsÞ þ iT BIIðsÞ are calculated using the stress functions of problems BII. Nj(t, s) and Tj(t, s)
(j = n,s) are the same as those in Eq. (17). The numerical results for the unknown function hIIj(t) can be ob-
tained using the same method as for problem AI. The resultant moment on the inclusion for problem AII is
then expressed asMAII ¼ MBII þMCII ð34Þ
whereMBII andMCII are obtained from Eqs. (28) and (18), respectively using the stress functions of problem CII.
6. Solution of problem AIII
Problem AIII is the superposition of problems AI and AII. If MAI and MAII represent the resultant moments
induced in problem AI by letting heat ﬂux q = 1 and in problem AII by letting inclusion rotation eAII ¼ 1,
respectively, the resultant moment MAIII on the rigid inclusion for Problem AIII can be written asMAIII ¼ qMAI þ eAIIMAII ð35Þ
Eq. (35) should be zero due to the free rotation condition in the original problem AIII. The inclusion rotation is
then determined aseAII ¼ 
MAI
MAII
q ð36ÞFrom Fig. 1(f)–(h), we haveeAIII ¼ eAII ð37Þ
So far, the unknown functions (distribution densities of heat source couples and edge dislocations) and the
unknown variable (inclusion rotation) are all determined. The stress intensity factors (SIFs) for the crack tips
A and B for problem AIII can be evaluated asF A;BðIIIÞ ¼ qF A;BðIÞ þ eAIIF A;BðIIÞ ð38Þ
where FA,B(I) and FA,B(II) are dimensionless SIFs obtained from problems AI and AII, respectively, asF A;BðIÞ ¼ 2ka ﬃﬃﬃﬃﬃpap qaGRKA;BðIÞ ð39Þ
F A;BðIIÞ ¼ 1GeBII
ﬃﬃﬃﬃﬃ
pa
p KA;BðIIÞ ð40ÞThe SIFs KA,B(I) and KA,B(II), which are in complex variable forms for mode I and II, are evaluated in terms of
dislocation density as shown in Erdogan and Gupta (1972) and Chen and Hasebe (1992).
7. Numerical results and discussion
The numerical results of the resultant moments on the inclusions, the rigid body rotation of the inclusions
and dimensionless SIFs at the crack tips A and B are shown. In order to investigate the eﬀect of inclusion
shape and make a comparison, four cases of elliptical inclusions with the ratio (k = b/a) of the half axes being
k = 0.1, 0.5, 1.0 and 2.0 and a square inclusion are considered.
Figs. 3–6 show the results for d/a = 3.0, f/a = 1.0 and m = 0.3 when the directional angle of heat ﬂux varies
from d = 0 to 180. The resultant moment about the origin in problem AI is illustrated in Fig. 3. This moment
is the reaction moment that restrains the rigid body rotation of the inclusion. It can be seen that resultant
moment is zero when d = 0 and 180 due to the symmetry, whereas it reaches maximum value at d = 90.
And the maximum values of resultant moment increase in the order: k = 0.1! k = 0.5! square! k =
1.0! k = 2.0, which implies that the heat ﬂow has a stronger eﬀect on the circular inclusion (k = 1.0) than
0 20 40 60 80 100 120 140 160 180˚
0
5
10
15
20
25
δ
λ = 0.1
λ = 0.5
λ = 1.0
λ = 2.0
b
AB
2f
a
d
0
δ
c
e
square
AM
qGRα
b aλ =
Fig. 3. Resultant moment MAI on the rigid inclusion in problem AI against heat ﬂux angle d (d/a = 3, f/a = 1.0, m = 0.3, eAI ¼ 0).
0 20 40 60 80 100 120 140 160 180˚
-0.8
-0.6
-0.4
-0.2
0
A G
q
ε
δ
λ = 0.1
λ = 0.5
λ = 1.0
λ = 2.0
square
b aλ =
b
AB
2f
a
d
0
δ
c
e
Aε III
III
Fig. 4. Rigid body rotation angle eAIII in problem AIII against heat ﬂux angle d (d/a = 3, f/a = 1.0, m = 0.3, MAIII ¼ 0).
F
F
b aλ =
0.5
λ = 0.1
λ =
1.0
λ =
2.0
λ =
square
F
0 20 40 60 80 100 120 140 160 180˚
δ
3
2
1
0
-1
-2
-3
-4
b
AB
2f
d
0
δ
c
e
Aε
a
A
A
A
I,II
II
I
III
Fig. 5. SIFs FIA and FIIA at the point A in problem AIII against heat ﬂux angle d (d/a = 3, f/a = 1.0, m = 0.3, MAIII ¼ 0).
N. Hasebe et al. / International Journal of Solids and Structures 44 (2007) 2426–2441 2435on the square one. This corresponds to the fact that the resultant moment to restrain the inclusion rotation
becomes greater with its size increasing. Fig. 4 shows the amount of the rigid body rotation (Eqs. (36) and
(37)) in problem AIII. In this case, the resultant moment MAIII for restraining the rigid body rotation of the
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2436 N. Hasebe et al. / International Journal of Solids and Structures 44 (2007) 2426–2441inclusion is zero. It is seen, corresponding to Fig. 3, the inclusion does not rotate when d = 0 and 180 due to
the symmetry, whereas the rotation reaches maximum at d = 90. The absolute values of the maximum rota-
tion increase in the same order as the resultant moment in Fig. 3. The dimensionless stress intensity factors at
crack tips A and B for problem AIII are shown in Figs. 5 and 6, respectively. It is seen that SIFs (FIA, FIB) of
mode I for both tips A and B have the same tendency: the values are decreased with increasing the direction
angle of the heat ﬂux. For mode II case, it is found that the values of FIIA (tip far from the inclusion) are neg-
ative regardless of the inclusion shape, while FIIB (tip close to the inclusion) may have either positive or neg-
ative values dependent on the inclusion shape. We also have the results of SIFs for problem AI for the
parameters: d/a = 3.0, f/a = 1.0. Nevertheless, the values do not make much diﬀerence for the two cases that
the rigid body rotation is restrained or not, the illustration is omitted here.
Figs. 7–15 show the results for d/a = 3, and m = 0.3 when the crack length varies from f/c = 0 to 1. The
resultant moments on the inclusion in problems AI and AII are illustrated in Figs. 7 and 8, respectively. It
is seen that the values MAI in problem AI increase signiﬁcantly with increasing the crack length but the values
MAII in problem AII are insensitive to the crack length. Fig. 9 depicts the rigid body rotation angle eAIII of the
inclusion for problem AIII. The inclusion does not rotate when f/c = 0 due to the symmetry. The negative val-
ues of the rotation angle eAIII imply that the inclusion rotates in the clockwise direction. The absolute values of
the rigid body rotation of inclusion for problem AIII, as well as the resultant moments for problems AI and
AII, increase in the same order: k = 0.1! k = 0.5! square! k = 1.0! k = 2.0. Figs. 10 and 11 show the
SIFs at crack tips A and B, respectively, for problem AI (deﬁned in Eq. (39)). The values of SIFs for both0 0.2 0.4 0.6 0.8 1
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N. Hasebe et al. / International Journal of Solids and Structures 44 (2007) 2426–2441 2437modes I and II are zeros when f/c = 0, which represents inexistence of the crack. For the circular inclusion at
f/c = 1, the values FIIA coincides with that of Table 1 and Fig. 5 in Hasebe et al. (1991) by rearranging
the normalization. Note that Hasebe et al. (1991) dealt with the inclusion-crack problem by solving a mixed
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results to some extent. It can be seen that the values of FIIA are negative irrespective of the inclusion shape,
while FIIB may have either positive or negative values dependent on the inclusion shape. The SIFs at crack tips
A and B for problem AII are plotted in Figs. 12 and 13, respectively (deﬁned in Eq. (40)). It can be seen the
absolute values of SIFs mainly increase with the crack length, whereas the values of FIIB have a slightly down-
ward trend when tip B is close to the inclusion. This should come from the restraint eﬀect of the rigid inclusion.
However, if we investigate the ratio of FIIA(II)/FIIA(I), we can ﬁnd the trend become reversed. The relative val-
ues decrease from about 0.9 to 0.02 with crack length increasing, which implies that the rotation eﬀect of the
inclusion is strong for a short crack compared to a long one. Figs. 14 and 15 show the SIFs at crack tips A and
B, respectively, for problem AIII versus crack length (deﬁned in Eq. (38)). In Fig. 14, the curve for the square
inclusion exists between k = 1.0 and k = 2.0. In Fig. 15, it is found that the curve for the square inclusion is
more close to that for the thin inclusion (k = 0.1) than that for the circular one (k = 1.0). The inﬂuence of the
inclusion restraint on the SIFs can be found by comparing Figs. 10 and 14, 11 and 15, respectively. We can see
the curve shapes are similar for the two cases that the rigid body rotation of the inclusion is restrained and not.
The values of FA,B(I) for problem AI (inclusion restrained) are greater than FA,B(III) for problem AIII (rigid
body rotation of inclusion is allowed). The diﬀerence comes from the second term in Eq. (38) in which both
2440 N. Hasebe et al. / International Journal of Solids and Structures 44 (2007) 2426–2441eAIII and FAB(II) are negative, which leads to the positive value of the term (eAIII  F ABðIIÞ). On the other hand,
the values of FAB(I) are negative.8. Summary and concluding remarks
The thermoelastic interaction between a rigid inclusion and a line crack in an inﬁnite plane subjected to
a primarily uniform heat ﬂux was considered. In the analysis, the original problem was reduced to several
displacement boundary value problems, in which the boundary conditions for the inclusion are completely
satisﬁed. For the line crack, numerical integration was carried out.
The rational mapping function is a powerful and feasible tool. Other conﬁgurations can be readily dealt
with by merely changing the coeﬃcients. In principle, this technique can be applied to arbitrary shapes (Has-
ebe and Ueda, 1980; Hasebe and Chen, 1996; Wang and Hasebe, 2001).
The solution for the rigid body rotation of an inclusion being allowed was obtained in such a way that the
resultant moment on the inclusion boundary is zero after superposition of the pertinent problems. The SIFs at
the crack tips are computed using the rigid body rotation obtained in advance, and the inﬂuence of the inclu-
sion on the crack was investigated. It should be noted that a rigid inclusion problem is more diﬃcult than a
hole problem because the rotation of the rigid inclusion must be taken into account.
Under the condition d/a = 3, which means the relative position between a crack and an inclusion, the values
of the resultant moments on the square inclusion, the rigid body rotation angles, and the SIFs of mode I at the
crack tips for the square inclusion case are located in between the cases of k = 0.5 and k = 1.0 (circle) of ellip-
tical inclusion, whereas for mode II case, the SIF values for the square inclusion is close to the case of k = 2.0
and k = 0.1 (thin inclusion) for tips A and B, respectively. And the values of SIFs for the case of restrained
inclusion are greater than those for the unrestrained one. The rotation eﬀect of the inclusion is strong for a
short crack compared to a long one.
The complex variable and the integral equation method, together with the boundary element method, are
conventional method in solving 2D thermoelastic problem. It has special advantages in dealing with stress
concentration and crack problems. This work can be seen as an application of the Green’s functions obtained
previously. The Green’s functions are expressed in closed forms which are easy for use. This approach should
be an alternative and eﬀective method to study the crack interaction problem. And also it can be used to check
the results obtained by other numerical methods.References
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